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Dep. de F´ısica, Fundac¸a˜o Universidade do Rio Grande
Rio Grande, R. S., Brazil
One of the best systems for the study of quantum chaos is the atomic nucleus.
A confined particle with general boundary conditions can present chaos and the
eigenvalue problem can exhibit this fact. We study a toy model in which the poten-
tial has a Cantor-like form. The eigenvalue spectrum presents a Devil’s staircase
ordering in the semi-classical limit.
The spectra of complicated nuclear systems have similar statistical prop-
erties to those of the spectral of ensembles of random matrices. Theoretical
work, especially realistic shell model calculations is helping to establish the
domains of chaos in nuclei. In the chaotic regime a scattered particle can be
trapped, for some time, by multiple reflection in the potential region produc-
ing a compound nucleus. The mean field is too regular, as can be seen by
the existence of the shell structure, so chaos must be caused by the residual
interaction. Due to the exclusion principle the role of the latter increases with
the excitation energy 1.
Fractals have received enormous attention as models for the complex and
irregular 2. Over the last years, the question of what kind of physical phenom-
ena should arise when waves interact with fractal structures has been addressed
by many authors3. Inspired by the problem in nuclear physics we present an
exploratory study of the eigenvalue problem of a quantum particle trapped in
an infinite well subject to a Cantor-like potential V (x) = V0v(x) defined in the
region between the infinite walls. The dimensionless function v(x) has a mini-
mum value of −1 and a maximum value of +1 4. The potential is constructed
order by order as can be seen in Fig. (a). The starting point is a rescaled
Schro¨dinger equation
[
− 1
µ2
d2
dx2
+ v(x)
]
ψ(x) = ǫψ(x) (1)
where µ =
√
2mλ2V0/h¯ and λ is the scaling length of the coordinate and
ǫ = E/V0 is the dimensionless energy. One can control the classical nature of
the system by variating the dimensionless measure µ. When one takes µ→∞
(which is equivalent to h¯→ 0) the the classical limit is reached.
1
We solved numerically the Schro¨dinger equation and obtained the follows
results. For small values of µ the particle can only be confined in the large
structures of the potential. But as µ is increased lower energy values are
accessed and the eigenvalue spectrum is semi-classical. In this limit one finds
the result that the particle can be confined in the small structures of the
potential. This effect can be seen in the following example where we consider
µ = 300 (Fig (a) ). The probability density is showed for the eigenvalues
ǫ = −0.31340 and ǫ = −0.31544. One sees in Fig. (b) the cumulative density
of states where up to ǫ = 0 it exhibits a Devil’s staircase behavior. Clustering
effects in the spectrum are shown in Fig. (c) for a chosen eigenvalue.
One can conclude from this study that a fractal potential produces highly
localized solutions in the semi-classical limit and clustering effects in the eigen-
value spectrum. These results indicate that fractal potentials deserve a more
detailed attention when analyzing complex systems.
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